Abstract. Combination frequencies are frequently observed in the Fourier spectra of pulsating DA and DB white dwarfs. These are powers appearing at the sum and difference frequencies of the stellar gravity-modes. Brickhill (1992) first proposed that the combination frequencies are produced when the surface convective zone changes its size during pulsation. As a certain part of the flux signal is absorbed by the convection zone, this size change distorts the originally sinusoidal flux signal and leads to the combination frequencies in the Fourier spectrum. We developed analytical expressions to describe the amplitudes and phases of combination frequencies. We apply them to one DA and one DB white dwarf and compare the results with observations. There are three free parameters in the expressions: depth of the convection zone, sensitivity of the convection zone depth to stellar effective temperature and the inclination angle between observer's line-of-sight and the white dwarf rotation axis. Reasonable values for the above parameters produce satisfactory fit to the observations. We also propose using the combinations as a tool to identify the spherical degree (£) of the gravity-modes. Moreover, it is possible to explain the combination frequencies in other pulsating stars (5 Scuti, sdB, PG 1159 stars, etc.) along the same approach.
INTRODUCTION
Light curves of pulsating white dwarfs are typically non-sinusoidal with sharper ascends than descents. At Fourier domain this translates into the 'combination frequencies', i.e., powers that lie at the sum (including harmonic) or difference frequencies of the dominant peaks. The latter are associated with gravity-mode of the star, while the combination frequencies are produced by the nonlinearity in the stellar medium.
The combination frequencies have been seen in many pulsating white dwarfs with hydrogen or helium atmospheres, e.g., in GD358 (Winget et al. 1994) . Every hydrogen variable white dwarf (ZZ Ceti) looked at with sufficiently high signal to noise ratios exhibits harmonics or cross terms of the principal modes (Brassard et al. 1995) . Judging from available data, similar situation may exist for helium variables.
As is discussed by Vuille (2000) , the combination frequencies do not reflect the eigenmodes of the star, but reflect the distortions to the sinusoidal waves when they pass through nonlinear medium. Brickhilll (1992) argued that the surface convection zone acts as the nonlinear medium.
ORIGIN OF COMBINATION FREQUENCIES
Fast turn-over time of the surface convection in DA and DB variable white dwarfs requires instantaneous readjustment of the convection zone during stellar pulsation. We can adopt static stellar atmosphere to approximate the time-dependent stellar structure during pulsation. The three models in Fig. 1 resemble a pulsating star at maximum (the top curve), at rest, and at minimum. The size of the convection zone shrinks (or expands) as entropy of the zone rises (or drops). Numerically we found the thermal time at the bottom of the convection zone scales with T e g roughly as r t h oc T^1 5 . If one is to ignore changes in the depth of the convection zone, one finds the photospheric flux variation ((8F/F) P h) is reduced in amplitude and delayed in phase compared to the flux variation entering the bottom of the convection zone ((SF/F)i,), the magnitudes of both effects depending on the depth of the convection zone , The construction of these simple mixing-length models is detailed in Wu where the convective adjustment time r c ~ 5r t h measured at the bottom of the convection zone. A thicker convection zone (larger T C ) absorbs more flux when it is warmer and therefore causes more significant reduction and delay in the surface flux perturbation.
When perturbation to the depth of the convection zone is also taken into account, a sinusoidal flux perturbation at the bottom will lead to a jigsaw shaped light curve at the surface where the light maximum arrives earlier than in a sinusoid. This light curve distortion translates into the combination frequencies in the Fourier domain. Wu (1997) presented analytical formula for both the amplitudes and phases of these combination frequencies. Let the surface flux signal of a g-mode be aj sin+ and the other be a,j sin(uijt + cfij), the combination at the sum and difference of these two frequencies will have amplitude ai±j and phase (f) t ± J1 (1)
Here, n^ counts the number of possible permutations given i and j: riij = 2 if i ^ j, and 1 if otherwise. r c is the convective adjustment timescale for the equilibrium model. The following dimensionless derivatives quantify the response of the convection zone towards pulsation,
The new thermal time = r c /(B + C). B and C are the two dimensionless numbers defined in . In the temperature range of ZZ Ceti variables, our mixing length models yield (3 « 1.2 and 7 ks -15 (see Fig. 1 ).
COMPARISON BETWEEN THEORY AND OBSERVATIONS
When the surface distribution for the flux signals are and Yijtnj > respectively, the surface distribution for the combinations will be Yi imi Yi j7nj . We take this into account when relating the observable flux variations to the physical variations on the surface of the star. We also take into account the bolometric correction which relates variations in certain flux band to that in the bolometric flux.
Comparing these formula with data from GD 358 and G 29-38 allows us to infer the stellar parameters for them, specifically, the depth of the convection zone in these stars, the inclination angle between the line-of-sight and the rotation axis, and the response of the convection zone towards pulsation. For GD 358 (Winget et al. 1994) , we adopted the following values for the free parameters: r c = 300 s, 12/5 + 7| = 10, the inclination angle between line-ofsight and the pulsation axis ©0 = 45deg. For G 29-38 (ZZ Psc), we compare with data from a short observation (van Kerkwijk et al. 1999) where phase information for the pulsations are available.
The theoretical values are obtained assuming r c = 250 s, \2f3+j\ = 10 and ©0 = 30deg. The results are displayed in Figures 2 and 3 , respectively. 
PROSPECTS
The prospect of using the combination frequencies to identify the spherical degrees (I value) of their constituent g-modes is best illustrated in Fig. 4 . Here we plotted the theoretical expectations for the relative amplitudes and relative phases of the combination frequencies, for the DAV G 29-38 (ZZ Psc). Differing from Fig. 3 , we consider both I -1 and i = 2 g-modes. The first harmonic of a mode (called F4 in van Kerkwijk et al. 1999 , the harmonic is the peak labelled with 'B' in Fig. 3) clearly differs from the other combinations in its relative amplitude and suggests that F4 is an i -2 mode. This coincides with the conclusion more firmly established by timeresolved spectroscopy in the above cited reference. Fig. 3 . Amplitudes of combination frequencies for G 29-38. Similar to Fig. 2 , only with the horizontal bars substituted with open circles, and with realistic error-bars. We set the frequency identification threshold at 50/¿Hz. The bottom panel shows the residue power spectrum (downshifted by 5 mma) after taking out the combinations at the above amplitudes (and their principal modes). With less confidence, one can identify some of the peaks here with the expected combinations. Again, we assume all g-modes are £ = 1, m = 0, and the three letters ('A','B' and 'C') denote the three cases of serious discrepancy.
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The combination frequencies carry with them information which could be deciphered. These include, the extent of the surface convection zone, the geometry of the star and the pulsation mode, and most interestingly, the response of convection towards pulsation. Our preliminary attempt at deciphering the messages are hampered by the following complications. G-modes with the same radial order and spherical degree but different azimuthal number (m) are closely spaced in frequency. The beating between these components as well as the many possible combination frequencies they produce may cause confusion. Data with good time-resolution are essential. One should also worry about the effect of variable mode amplitudes during the observations. Equation (3) states that the relative phases of combination frequencies depend only on r c , weakly at high frequencies and more strongly at low frequencies. This offers the exciting prospect of measuring the depth of the white dwarf convection zone seismically.
Exciting new works as carried out by Ising & Koester (2000) promise us much better quantitative comparison between theory and observation, both for the combination frequencies and for other observed phenomena.
OTHER STARS
Many other small-amplitude pulsating stars (¿-Scuti, PG1159, sdB stars, etc.) show combination frequencies as the white dwarfs discussed here. In these stars, the flux perturbations at the photosphere are necessarily reduced and delayed relative to those entering the driving region, by an amount that depends on the thermal time of the driving region. So if the location of the driving region in these stars changes with the pulsation phase, we would expect the emergent light curve to be non-sinusoidal. Extending the theory developed for white dwarfs to these stars may bring about the prospect of identifying i of the modes using their combination frequencies.
